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Abstract

The clique graph k(G) of a graph G is the intersection graph of the
family of cliques of G. A vertex z is dominated by a neighbor w if every
neighbor of z is also neighbor of w. We prove in this paper that deletion
of dominated points of G does not change the k-behavior of G.
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1 Introduction.

A clique of a graph G is a maximal complete subgraph of G. The clique graph
k(QG) of a graph G is the intersection graph of the family of cliquues of G. We say
that a graph F' is k—periodic with period p if is it isomorphic to kP (F') but not
to k4(F) for 1 < g < p. It is said that a graph G is k —stationary if there is an
integer n such that k" (G) is k—periodic. A special case of k— stationary graphs
is a k — null graph, G is k — null if there is n such that £"(G) = K;. We say
that G k—diverges if |k"(G)| — oo when n — o0, and in this case we say that
¢i(G) = co. The k— behavior of G is determinated by the above clasification
i.e., it consists in saying if G is k — stationary, k — null or k-divergent.

Let z, w be elements of graph G. We say that z is dominated by his neighbor
w if every neighbor of z is also neighbor of w, that is, Ng[w] 2 Ng[z], and we
write w 2¢ z (we will omit G when no confusion arisen). We say to that z
is dominated if z is dominated by some of its neighbors. Domination induces
a preorder. When a graph G do not have dominated points we say that G is
irreducible.

The present paper was inspired in Prisner [8] . In that paper Prisner proved
that if we eliminate dominated points of graph G until to obtain a irreducible
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graph H, and H have no triangles, then there are n such that k" (G) € {h, k(H)}
and Prisner shows too how to have a bound of n. He use a complicates technics
like homology to prove this result. We have found an easier proof of this result
whit the technics in present paper, this proof is in [2, 3].

We can resume the main result in this paper as it follows: If z € V(G) is
dominated then G and G — {z} have the same k— behavior.

The k—behavior is studied for many reasons, one of these, is the result of
Hazan and Neumann-Lara [5]. They establish that every endomorphism in a
comparison graph that is k—null has the property of fix point.

For notation see [4] for large bibliography see [2].

2 Dismantlings.
Definition 2.1 Let G be a graph and H' a subgraph of G.

1. There is an innerly short dismantling of G to H' if every element of
V(G) — V(H') is dominated by some element of V(H'); and we write

B m
2. If H is a graph, we say that there is a short dismantling of G to H when

there exist H', subgraph of G, which is isomorphic to H and such that
G B H'. In this case we write G H, in particular G .

We could observe that ¢ (G) # (@), where ¢(G) is the intersecction graph

of family of complete subgraphs of G.
Let us observe that G is a cone if and only if G #, K;.

3 Dismantlings and the Clique Operator

Lemma 3.1 Assume G ™3 H and A, B are cliques of G (not necessarily differ-
ent) with AN B # (. Then there isy € V(H) such thaty € AN B.

Theorem 3.2 Let G and H be graphs such that G * H. Then k(G) # k(H).

Let H' = H such that G %3 H'. Let us define g9 : k(H) — k(G), let
B € V(k(H")). Since B is a complete subgraph of G, we may choose a clique
9(B) of G such that B C g(B). Is easy to see [5, 6] that g defines an isomorphism
of k(H') in its image.

Now we will prove that k (G) # g(k(H").

Let A € V(k(G@)) — V(g(k(H'))) and B be a clique of H' that contains
ANV(H"). We will prove that A < g(B) :



Let C € N[A]. Then ANC # 0 and by Lemma 3.1 there is y € ANCNV (H').
Thus y € B, and consequently y € g(B). Therefore g(B)NC # @ and C €
Nl[g(B)].

4 Main Result

Lemma 4.1 Let G, H and H' be graphs. If G P H and G H' = H we will
define Gy as the graph of intersection of ANV (H') where A is a clique of G.
The next staments are hold:

1 o(H) B Gun B3 k(H).

2. There is a retraction [5, 6] f : k(G) — Gun with inverse g : Gy — k(G)
with the next properties:

a. N[g(f(A))] = N[A] for every A € k(G).
b. k(G) ™3 g(Gun).

4. Tf H is a periodic graph of period n, then k" ~!(c(H)) # E™(G) “H.

1. It is clear from k(H') Cx Gyuu Cy ¢(H') and c(H') # (H").

2. Let us define f(A) = ANV (H'). Let B be an element of V(Gxx) and g(B)
a clique of G that contains B and such that f(g(B)) = B. By Lemma 3.1,
f preserves edges and clearly g is an isomorphism over its image. Therefore
f is retraction.
Let A,B € V(k(QG)) such that f(A) = f(B). By Lemma 3.1, if C €
V(k(G)) is a neighbor of A, then it is a neighbor of B too, and since
flg(f(A)) = f(A), we have N[g(f(A))] = N[A]. In particular N[A] C

N{g(f(A))], and hence k(G) %3 g(Gun).

3. We have Gupn = g(Gyn), where g is as g in 2. The statment is followed
of 2.

4. Tt is followed of 1, 2 and 3.

Lemma 4.2 Let H be a periodic graph of period n then c¢(H) is k—stationary
and there is m such that k™ (c(H)) = k™" (c(H)).



We have that ¢(H) # k(H). In Lemma 4.1.4 we make G = k"~!(c(H)) and

we obtain
k1 (e(H)) B k2t (e(H) B H

hence
kY (e(H)) B k2 (e(H) B k3 e(H) B L B kY (eH) B H

for every natural m, since k" ~!(c(H)) is of finite order there are two distincts
naturals i and #; such that:

ko= (c(H)) = k"L (c(H))
with ip < i1 then
ko= (e(H)) B kot D=3 (e(m) B L ki (o))

hence
KoL (c(H)) = Kot (o))

Let I be the period of ¢(H). Then [ divide n and there is m such that k™ (c(H))
k™7 (c(H)).
Now we prove main result of this paper:

Theorem 4.3 G ki H then G and H have the same k — behavior.

1) It is clear from the theorem 3.2.

2a) If G is stationary, then there are n, m such that
kn(G) = kvt (G) B kntim(H), for every i € N, but since k™(G) is dis-
mantliable to a finite number of graphs, there aredistincts 7o and i; such that
kmtion(H) = gmtian(H). Therefore H is a stationary.

2b) That H is k—stationary implies that G is k-stationary follows from
Lemma 4.1.4, Lemma 4.2 and 2a).

3) This is a consequence of the 1) and 2).

Remark 4.4 The graph in figure 4 has a period 8 and has three dominated
points v1,va,vs. If we delete v1 we obtain a 6-periodic graph, if we delete vs we
obtain a 1-periodic graph. Let G, H be graphs such that G #* H and there are
n, and m such that k™" (G) = k™(G). From Theorem 4.8 there are m’ and n’
such that k™ "' (H) = k™ (H). The determination of the relation among m, n,
m’ and n' is an open problem.
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