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Abstract

This paper deals with two person zero-sum semi-Markov games
with possibly unbounded payoff function, under a discounted pay-
off criterion. Assuming that the distribution of the holding times H
is unknown for one of the players, we combine suitable methods of
statistical estimation of H with control procedures to construct an
asymptotically discount optimal pair of strategies.
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1 Introduction

This paper concerns two-person zero-sum semi-Markov games (SMGs) in
Borel spaces, with possibly unbounded payoff function, under a discounted
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payoff criterion. The game can be formulated as follows: there are two players
with opposite objectives. If at the nth decision epoch, the game is in the
state x, = x, then the players independently of each other choose actions
a, = a and b, = b, and the following happens: the game remains in the
state x during a nonnegative random time 6,7 with distribution H, and a
payoff r is generated which represents a reward for player 1 and a cost for
player 2; moreover, the game jumps to a new state x,,; = y according to
some transition law. Once the transition to the state y occurs, the process
is repeated. Payoff accumulates throughout the evolution of the game and,
the goal of each player is to optimize the total discounted payoff.

The class of zero-sum SMGs we are interested in is when the distribution
H of the holding (or sojourn) times is known by player 1 but unknown by
player 2. In addition, as usual, we suppose that the payoff r is the sum of
an immediate payoff imposed at the moment when the players choose their
decisions, plus a payoff rate imposed until the transition to a new state of
the game occurs. In this context, at the time of the nth decision epoch Tj,,
when the game is in state x, = x, player 1 may choose the action a,, = a
in a standard way, whereas player 2, before choosing the action b,, must
implement a statistical estimation method to obtain an estimate H,, of H,
and then selects an action b = b, (H,).

The actions applied by players at the decision epochs, are selected accord-
ing to rules known as strategies. Hence, our main contribution in this paper
is the following. Assuming that the game model satisfies sufficient conditions
for the existence of the value of the game and for the existence of a solution
to the Shapley equation, a suitable estimation method of H is used by player
2 to construct a discounted optimal pair of strategies (7}, 72) for players 1
and 2. However, since the discounted payoff criterion depends heavily on the
decisions selected at the first stages (precisely when the information about
the distribution H is deficient), we cannot ensure, in general, optimality of
the pair (7}, 72). Therefore, the optimality will be analyzed in an asymptotic
sense motivated by the paper of Schél [14] (see also [2]) for Markov control
processes.

The study of zero-sum stochastic Markov games was started by L. Shapley
[15], and several extensions of that work have been proposed. In particular,
related papers on semi-Markov games are [6], [7], [9], [11], [12] and [17], in



which the distribution H is supposed to be known for both players. To the
best our knowledge, there are no works dealing with semi-Markov games in
the context of our paper.

The remainder of the paper is organized as follows: in Section 2, we intro-
duce the semi-Markov game model we will be dealing with, and in Section 3
we introduce the performance criterion. The main result is stated in Section
4 and the proof is given in Section 5. Finally, an example of a storage system
satisfying all the hypotheses of the paper is described in Section 6.

Notation. Given a Borel space X (that is, a Borel subset of a complete
and separable metric space) its Borel sigma-algebra is denoted by B(X), and
“measurable”, for either sets or functions, means “Borel measurable”. Given
a Borel space X, we denote by P(X) the family of probability measures on
X, endowed with the weak topology. Let X and Y be Borel spaces. Then a
stochastic kernel v(dz | y) on X given Y is a function such that v(- | y) is a
probability measure on X for each fixed y € Y, and v(B | -) is a measurable
function on Y for each fixed B € B(X). In addition, we denote by P(X | Y)
the family of stochastic kernels on X given Y.

2 Semi-Markov game model

We consider a two-person semi-Markov game model of the form
gM = (XaA7BaKAaKBvQ7H7D7d)7 (1)

where X is the state space, A and B are the action spaces for players 1 and
2, respectively. The sets X, A and B are assumed to be Borel spaces and
Ky € B(X x A) and Kp € B(X x B) are the constraint sets. For every
x € X, we define the sets A(z) := {a € A : (z,a) € Ks} and B(z) =
{b € B: (z,a) € Kg}, whose elements are the available actions for player
1 and player 2 in state x, respectively. The set K = {(z,a,b) : 2 € X, a €
A(x), b € B(x)} of admissible state-actions triplets is assumed to be a Borel
subset of the Cartesian product X x A x B. The transition law Q(- | -), is a
stochastic kernel on X given K, and H(- | z,a, b) is the distribution function
of the holding time at state x € X when the actions a € A(z) and b € B(x)
are chosen, which is known by player 1 but unknown by player 2. Finally, the
payoff functions D and d are possibly unbounded and measurable real-valued
functions on K.



The game is played as follows: If at time of the nth decision epoch, the
state of the game is x,, = z, and the actions chosen by player 1 and 2 are
a, = a € A(z) and b = b,(H,) € B(x), then the game remains in the
state x during a nonnegative random time 6,1 with distribution H, and the
following happen: 1) player 1 receives an immediate reward D(x,a,b) while
player 2 incurs an immediate cost D(x,a,b); 2) the game jumps to a new
state x,4+1 = y according to the transition law Q(- | x,a,b); and 3) a reward
rate (cost rate) d(x, a, b) for player 1 (player 2) is imposed until the transition
occurs. Once the transition to state y occurs, the process is repeated. Thus,
the goal of player 1 is to maximize his/her reward, whereas that of player 2
is to minimize his/her cost.

Observe that the decision epochs are T}, := T,_1 + 6, for n €N, and
Ty = 0. The random variable 6,1 = T,+1 — T}, is called the sojourn or
holding time at state x,,.

Remark 2.1 a) We shall assume that the payoffs are continuously discounted.
That is, for a given discount factor a > 0, a payoff R incurred at time t is
equivalent to a payoff Rexp(—at) at time 0. In this sense, the one-stage
reward for player 1 and cost for player 2 takes the form:

oo t
r(z,a,b) := D(x,a,b) + d(x, a,b)// exp(—as)dsH(dt | z,a,b), (z,a,b) € K.
00

(2)

Hence, the function r is also unknown for player 2 (since r depends on H
which is unknown for player 2).

b) In addition, we will suppose that the distribution H is independent of
the admissible state-actions triplets (x,a,b) € K and it has a density p. That
is, there exists a distribution function G (unknown) with a density p such
that

t
H(t|z,a,b)=G(t)= /p(s)ds V(z,a,b) €K, t>0.
0



Now, defining

and

it follows that the payoff function (2) takes the form

r(z,a,b) = D(x,a,b) + 7,d(z,a,b), (x,a,b) € K. (5)

Assumption 2.2 There ezist g € (1,2) and a measurable function p : [0, 00) —
0,00) such that p € L,([0,00)), p(s) < p(s) almost everywhere with respect
to the Lebesque measure, and

]o(ﬁ(S))H ds < oo.

For example, if p(s) := M'min {1,1/s'7"}, s € [0,00), for some r > 0,
then there are plenty of densities that satisfy Assumption 2.2.

We define the spaces of admissible histories of the game up to the nth de-
cision epoch by Hy := X, and H,, := (KxR,)"xX forn elN:={1,2,..}. A
typical element of IH,, is written as h,, = (o, ao, b, 61, ---s Tn—1, @1, bp_1, On, Tn)-
A strategy for player 1 is a sequence 7' = {71} of stochastic kernels 7} €
P(A |H,) such that 7} (A(x,) | h,) = 1 for all h,, € H,, and n €IN. We denote
by II! the set of all strategies for player 1. A strategy 7' = {x!} for player
1 is called stationary if there exists f € P(A | X) such that f(x) € P(A(z))
and 7} = f for all z € X and n €IN. In this case, we identify 7! with f, i.e.,
= f={ff,...}. We denote by II} the set of all stationary strategies for
player 1.

The sets I1? and IT% of all strategies and all stationary strategies, respec-
tively, for player 2, are defined similarly.
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Let (€2,2) be the canonical measurable space that consist of the sample
space 2 = (K x R,)* and its product oc—algebra 2. Then for each pair
of strategies (w!,72) € II' x TI? and each initial state z € X, there exist a
probability measure P "7 and a stochastic process {(zn, @n,bpy Opi1)}, n =
0,1, ...., where xz,,a,, b, represent the state and the actions for player 1 and
2, respectively, at the nth decision epoch, whereas 6,,,1 represents the time
between the nth and (n+1)th decision epoch. ET "™ denotes the expectation
operator with respect P7 ™. We note that by Remark 2.1(b), the distribution
of 6, (n =1,2,...) is independent of the strategies 7! and 7% and

t
P (5, < 1] =: P[5, <t] = /P(S)dS-

0

Assumption 2.3 There exist € > 0 and 6 > 0 such that

o
/p(s)ds <1l-—e.
0

Assumption 2.3 ensures that in a bounded time interval there are at most
a finite number of transitions of the process. On the other hand, following
similar ideas as in [16] for semi-Markov control processes, we have that

A <1, (6)
which in turn yields
To < 1/av. (7)

Let v be a real number such that A, <~ < 1.

Assumption 2.4 a) For each x € X the sets A(z) and B(z) are compact.

b) For each (x,a,b) € K, r(x,-,b) is upper semi-continuous (u.s.c.) on A(z),
and r(z,a,-) is lower semi-continuous (l.s.c.) on B(x).

c¢) There ezist a measurable function Wy : X — [1,00) and positive constants
Co, p>1,dy < oo, and, By <1 such that

max {|D(x,a,b)|,|d(z,a,b)|} < cWy(z),
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and

/Wp Qdy | z,a,b) < BWl(x) + do, (8)

for all (z,a,b) € K.
d) For each (z,a,b) € K and each bounded measurable function v on X, the
functions

ar—>/ Q(dy | z,a,b) andb»—>/ Q(dy | z,a,b) 9)

are continuous on A(z) and B(x) respectively. In addition, (9) holds when v
15 replaced with W.

Remark 2.5 a) Applying Jensen’s inequality to (8) yields

/WO Qdy | z,a,b) < f'Wy(z) +d, for all (z,a,b) € K, (10)

where 3 = ﬁé/p and d = d(l)/p. Moreover, a consequence of both inequalities

(8) and (10) is (see [1, 3]):

sup BT ™ (WY (2,)] < 00 and sup BT ™ [Wy(w,)] < o0,
n>0 n>0
for each pair (', 7?) € I' x 1% and z € X.
b) Using similar arqguments to those used in the proof of Proposition 8.3.4
and Remark 8.3.5(a) in [3] we can prove that Assumption 2.4 implies the
existence of a measurable function W : X — [1,00) and positive constants
k, ¢ and 3, such that By < 1 and for all (x,a,b) € K,
(1) W(x) < kWo(z);
(1) max{|D(:1: a,b)|,|d(x,a,b)|} <eW(x);
(m)fW dy|xab)<ﬁW()

Thus, by (i) we have

sup BT [WP(z,)] < 00 and sup ET ™ [W (2,)] < oo, (11)
n>0 n>0



¢) From (5), (i) and (7),
Ir(z,a,b)| <éW(x) forall (z,a,b) € K, (12)

where ¢:=¢; (1+ 1) .
d) For any probability measures 1 € P(A(z)) and A € P(B(z)), and any
function u : X — R we write

r(z, pu, \) = r(z,a,b)u(da)\(db)
1l
and
Juwalen = [ [ [uw . butar).
X B(x)A(z) X
In particular
Q(D|x, p, A Q(D|x,a,b)u(da)\(db).
oy

We denote by IBj}; the normed linear space of all measurable functions
u: X — R with the finite norm ||ul|w defined as

ju()]

U = su .
H HW me)lg W(CL’)

3 Discounted optimality criterion

For each pair of strategies (7!, 72) and initial state o = x € X, we define

the total expected a—discounted payoff as

V(z, 7, 7?%) = E;rl’“Q Zexp(—aTn)r(mn,an,bn) , (13)

n=0

We define the lower and the upper value functions as:

L(z) == sup inf V(z,7' 7%, z€X, (14)

rlelnt m2ell?



and
U(x) := inf sup V(z,7',7%), x€X. (15)
m2ell? g

L #2) is said to be an optimal pair of strategies if for all z € X,

U(z) = inf V(x,7},7%) and L(z):= sup V(x, 7", 72). (16)

m2ell? Alell!

A pair (7

If such an optimal pair exists, then U(x) = L(z) for all z € X, and the
common function is called the value of the game and is denoted by V'(z).
Observe that in this case V(z) = V(z, 7}, 72).

Y * 7 *

Assumptions 2.3 and 2.4 ensure the existence of a value of the game.
More precisely, from [9] we have:

Proposition 3.1 Suppose that Assumptions 2.3 and 2.4 hold. Then
a) The game has a value V €IB}Y), that is, L(z) = U(z) = V() for allz € X.
Moreover, there exists a constant M < oo such that

1Vl < M/(1 = Aq). (17)
b) The value of the game V satisfies, for all v € X,

V(z)= su inf r(z, ,)\+AQ/V dylz, 11, \
) ,LLEZP(/Il)(m)))\GIP(B(x)) (@, 11, A) J (y) Q(dylz, p, A)

= inf su r(x, i, A +AQ/V dylz, u, N) p . (18
N, AN (, 1, A) () Q(dy|z, 1, A) (18)

X
c) There exist f* €IP(A(x)) and g* €IP(B(x)) such that, for all z € X,
= inf A 1
V(x) AeﬂlD?B(x)){ r(z, [, N) + /V Qdy|z, f*,N) (19)
b
= sup {M‘ug +Aa/V Q(dy|z, 1, g*)
neIP(A(z))
b
— (. £",9") + B [V () Qe £,9°) (20)
X

In addition, (f*,g*) is an optimal pair of strategies.
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Remark 3.2 Observe that (18) is equivalent to

su inf  ®(x,u,\) = inf su D(x, u, A) =0,
MEIP(EX)(:E))AEZP(B(Z)) (@, 1, A) AelP(B(w))uezp(/Ixj(z)) (@1,

where
Bl ) = r(aap )+ Ao [V () Qaglep ) = V() (@D
X

forx € X, pe€lP(A(x)), X\ €lP(B(z)). The optimal pair (f*,g*) (see (20)),
satisfies ®(x, f*, g*) = 0. Furthermore, observe that for all v € X

Oz, f*,A) >0 VAe IP(B(z)) (22)
and

Oz, p,g") <0 Vp € IP(A(x)). (23)
These facts motivate the following definition.

1 .2

Definition 3.3 A pair of strategies (n},72) € II' x T1? is said to be asymp-

totically discount optimal if, for each x € X,

lim E™" ®(z,, an,by) >0 V€ 112

n—oo

and

lim ET ™ ® (2, an,by) <0 V' eI

n—oo

Observe that if (7}, 72) is an asymptotically discount optimal pair of
strategies, then, for each z € X,

1.2
E"™®(zp, an,b,) — 0asn — oo.
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4 Construction of strategies

Since all the components of the game model are known to player 1, he/she
may construct his/her strategies in a standard way. In contrast, player 2 must
combine suitable statistical density estimation methods of p with control
procedures in order to construct his/her strategies.

Let f* €lP(A(z)) be a maximizer satisfying (19). We define the strategy
ml € II for player 1 as 7} = {f*}.

4.1 Construction of strategies for player 2

Density estimation. Let 6y, 69, ..., 0, be independent realizations (observed
by player 2 up to the moment of the nth decision epoch) of r.v.’s with the un-
known density p, and let p,(s) := pn(s; 61,02, ...,0,), s € R4, be an estimator
of p such that

Ellp=pally* =0 as n — oo, (24)

where ¢ and p are as in Assumption 2.2 and Assumption 2.4(c), respectively,

and 1/p + 1/p’ = 1. Examples of estimators satisfying (24) are given, for
instance, in [4].

To construct strategies for player 2, we estimate p by the projection p,
of p, on the set of densities D in L,([0,00)) defined as follows:

o0

D := ¢ (: (is a density on L,([0, c0)), /exp(—as)((s)ds <,
0
0

/C(s)ds <1l—¢g, ((s) <p(s)ae. p. (25)
0
See Assumption 2.3 and 2.4 for the constants 6, €, and 7, and observe that p €
D. The existence (and uniqueness) of the estimator p,, is guaranteed because
the set D is convex and closed in L,(]0,00)), which can be easily proved
following the ideas in [1, 5, 10]. In fact, p, € D is the "best approximation”
of the estimator p, on the set D. That is, for each n €IN,

11



In addition, denoting

- / 19(5) — puls)| ds, neENN,

and letting p’ as in (24), we have
E [nﬂ — 0 as n — 0. (27)

Indeed, let M < oo such that [° (5(s))* "ds < M’ (see Assumption 2.2).
Then, for each n €N, applying Holder’s inequality, we have,

nn—/!p N [o(5) — pus)lE ds
< / |p<s>—pn<s>\2—qczs / () = pu(s) 7 ds N
< 7 (2ﬁ(8))2_qd8 / 16(5) — pu(s)]" ds :

0
<27 M |lp— pall?

<2 M2 | p— |2,
where the last inequality follows from (26). Hence, (27) follows from (24).

On the other hand, for n €IN, let (as in (3) and (4))

o0

A, = /exp(—as)pn(s)ds (28)

and

Ty = : (29)

12



Observe that A,, < 1 which in turn implies that 7, < 1/a (see (6) and (7)).
Furthermore, for each n €IN,

1Ay — Ayl <y, (30)
and
Tin
o In S_ 1
o = 7al < 2 (31)

Construction of strategies. We define the sequence {L,} of functions in
Bjy as:

L,(x) = inf su ro(x, [, A —i—An/Ln_ dylz, i, \) ¢,
(z) T N (@, 1, A) J 1 (y) Q(dylz, p, A)

(32)
for n €N, z € X, where r, is the approximate payoff function (see (5)):
ro(x,a,b) = D(z,a,b) + 1,d(z,a,b), (z,a,b) € K. (33)
Observe that

I7(2,a,b) — ro(z,0,b)| < ZBW(2), (z,a,b) €K, nelN, (34)

«

and (see (12))
ITn(z,a,b)| < éW(zx), (x,a,b) €K, neN.
Thus, a straightforward calculation shows that, for some constant Cj,
|L.(2)] < CoW(x) VneN, ze€X. (35)

On the other hand, it is easy to prove that (following similar ideas to
prove the interchange of inf and sup in (18)) for n €N, z € X,

Lutz) = sup ' gl 0 "n(@ A +An/Ln_ dyl, p, A
) ue]P(fx)(x))AeP(B(x» (@, 1 A) J 1 (y) Q(dylx, 1, \)

(36)
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Now, applying standard arguments on the existence of minimizers (see, e.g.,
3, 8, 13]), under Assumptions 2.3 and 2.4, we have that for each n €N, there
exists g, = ¢g°» €IP(B(x)) such that

Ly(z) = sup Tn(:c,u,gn)+An/Ln_1(y)Q(dy|w,u,gn) , T€EX,
HEP(A())
X
(37)

where the minimization is done for every w € €.

We define the strategy #2 = {72} for player 2 by 72 := g, for all n €IN,
and 72 is any fixed action.
We can now state our main result as follows.

Theorem 4.1 Under Assumptions 2.2-2.4, (w}, #2) is an asymptotically dis-
count optimal pair of strategies.

5 Proof of Theorem 4.1

Throughout the proof, we will repeatedly use the following inequalities. For
any u €By (X),

u(@)] < [lully W (=) (38)

and

/ w()Qdy | x.a,b) < B ully W(z), (39)

for all (z,a,b) € K. The inequality (38) is a consequence of the definition of
||-|ly-» whereas (39) follows from (38) and (iii) in Remark 2.5(b).

14



Lemma 5.1 Suppose that Assumptions 2.2-2.4 hold. Then
lim BT |V — L|[%, =0,
for every x € X and (r',7%) € TI' x TI°.

Proof. Let us define the operators

Tu(x) := inf su r(x, i, A —i—Aa/u dylx, pu, A) ¢,
() N (11, A) (y)Q(dylz, 1, A)
X
T,u(x) := inf su T (X, [, A —|—Am/u dylx, u, N) ¢,
(z) et P (@, 1, A) J (v)Q(dylz, p, A)

for, m €N, z € X, u €By(X). By Assumption 2.4(c), T and T,, map
By (X) into itself. In [9] has been proved that T is a contraction operator
with modulus SA,. It can also be proved that for each m €IN, T}, is a
contraction operator with modulus GA,,. Thus

|Tu —Tv|ly < BAu— 2|y (40)
and
HTmU - TmUHW < BAn Hu - UHW )

for all u,v €By (X), m €IN. Now (see (28)) since A, <~ < 1, we have for
all u,v €eBy (X), m €N,

[T = Tonvllyy < By llu = vy, - (41)
Note that from Assumption 2.4 (see Remark 2.5(a)), 0y < 1.
From (18) and (32),
TV =V and T,L, 1= L,, n&lIN.
Therefore, from (41), for each n €IN,

IV = Lally < 1TV = TVl + By [V = Lol (42)

15



On the other hand, from (17) and (34)

TV(z) =TV (z)| < sup  sup A{Jr(z,pm,A) = ro(z, 1, Al
NP (B()) pelP(A(@))

+wAa—-Any/vadeMx4aA)
X

c Mp
<[z 727
< <Oz+1—Aa) nWi(z), ze€X, nelN, (43)
which implies
TV = T,V < Min,, nelN, (44)

. ¢ Mp
where My 1= £ + ==

@

Combining (42) and (44) we obtain, for each n €IN,

71.1 7.‘.2 / / ﬂ.l 71.2 / / ﬂ,l 71.2 /
BNV = Lally < MYEZ™ [l | + (89 B2 |V = Lol (45)

Now, note that from (17) and (35), [ := limsup, . ET ™ |V — LnH%/ <
oo. Hence, since v < 1, taking limsup as n — oo in both sides of (45), we
obtain,

MY :
l<——1  lim E7° [nﬂ .
1-— (ﬂ"y)p n—00

Finally, observing that E™ ™ [n,] = E[n,] (since p, does not depend on
r € X and (7', 72) € II' x I1?), (27) yields the desired result.l

Proof of Theorem 4.1.
For each n €N, we define the function ®,, as (see Remark 3.2)

%@%M:W@%M+&JMA@@@W%M—%@- (46)
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Let 7! € II' be an arbitrary strategy for player 1, and let {(z,, a,, g,)} be
a sequence of state-actions triplets corresponding to application of (7!, 7#?2).
By the definition of the strategy 72 (see (37)) we have, for each n €N,

(s s g) < SUD 7wty gu) + A /Ln_1<y>c2<dyrxn,u,gn> ~ Lo(z) = 0.

peP(A(zn)) e

Thus, for each n €IN,

(I)(l’n, anagn) S (P(:L‘na anagn) - (I)n(mna an7gn)

<  sup sup D (zn, py A) — Lo, 1, A)|
NETP(B(2n)) HETP(A(zn))

< W(z,)sup [W(z)]™" sup  sup |®(z,p,\) — Pp(x, 1, N)] .
reX AeIP(B(a)) pelP(A(x)
(47)

On the other hand, from (21) and (46), (adding and subtracting the term
A, [V(y)Q(dy | z,p,N)) and using (38), (39), (17) and (34), we get (see
(43) and (44)), for each x € X, n €N, p €IlP(A(z)) and X\ €lP(B(x)),

1D (1, A) — P, o, N)| < |z, oy A) — oz, A)| + |V (2) — Ly (2)|

+18. - A |/v Qldylz.p.)

+A/|v ()] Q(dy |, 1. )

< anW( )+ IV = Ly W(x)
TV = Loaally W(a).
Hence, for each n €IN,

sup [W(2)] ™" sup  sup [®(x, 11, A) — Pz, 1, N)|
zeX AEP(B(z)) pelP(A(z))

< M + [V = Lally + 7 IV = Lol
which combined with (47) yields
(2, an, gn) < MW (zn) + |V = Ly W(zn)
+ IV = Lnally W) (48)
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12 1/p
Letting My := sup,, (E” & Wp(xn)> < oo (see (11)) and applying

T

Holder’s inequality in (48), we obtain,

1. 1.0 N\1/P ) ;N\ 1/p
E™ %O (2, ap, bn) < MoM, (E;; v”Qng) + M, (ng v — Lnugv)

. / 1/pl
+ My (BZ IV = Loallly) (49)

To conclude, taking limit as n — oo in (49) and observing that E7 7 [n,] =
E[n,], Lemma 5.1 and (27) yield
lim ET " ®(2,, an,by) <0 Va' eIl

n—oo

In addition, from the relation (22) and definition of the strategy m}, we get

lim E™" ®(z,, an,by) >0 V7 € 112

n—oo

Thus, (7}, #?) is an asymptotically discount optimal pair of strategies.l

6 Example

We consider a storage system whose inputs are controlled in the following
manner: at the time when an amount of product M > 0 accumulates for
admission in the system, player 1 chooses a decision a € [a,, 1] =@ A (0 <
a, < 1), that represents the portion of M to be admitted. On the other
hand, there is a continuous consumption of the admitted product, controlled
by the player 2. That is, at the time of each decision epoch, player 2 chooses
a number b € [b,,b*] =: B (0 < b, < b*) which represents the consumption
rate per unit time. Thus, if z,, € X := [0, 00) represents the stock level, a,
and b,, are the decisions of players 1 and 2, respectively, at the time of the
nth decision epoch T},, then the game evolves according to the equation

Tp+1 = (zn + anM - bn(SnJrl)Jr

with 6,41 := Ty — T, (n = 0,1,2,...). It is clear that the distribution
of the holding time 6, is independent of (x,, a,, b,), and we assume that
o, (n = 1,2,...) has a density p that satisfies Assumptions 2.2 and 2.3.
Moreover, the payoff function is given by

r(z,a,b) := dbr, — D1z — Dya (50)
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with d, Dy, D, positive constants, and 7, as in (4). We assume that the
following is satisfied

Assumption 6.1 E6 > M/b,.

Let ¥ be the moment generating function of the random variable M — b6,
that is:

U(t) = Blexp(t(M — b,6))].

Then, Assumption 6.1 implies W/(0) < 0, and since ¥(0) = 1, there exists
A > 0 such that U(A) < 1. In addition, by the continuity of ¥, we can choose
p > 1 such that

Bo := U (pA) = Elexp(Ap(M — b.96))] < 1.

Note that by the description of the system and (50), Assumption 2.4 (a), (b)
are satisfied. Now, let M be a positive constant such that for each x € X,

max{db*, Dix + Dy} < Mer,

and define Wy(z) := Me*®. Then, for (z,a,b) € K,

/Mpe)‘pr(dy | z,a,b) :/ MPePetaM=bs)" () g
0
< MPP[z +aM —bs < 0] + ]\Zf”e’\px/ ePM=b3) (5 ds
0

< MP + W (2) B[] < MP + W (2) B[ 00)
Thus, Assumption 2.4 (¢) is satisfied. To verify Assumption 2.4 (d), let v be

a bounded measurable function on X, and for every a € A and b € B, let
P(ap) be the density of aM — bo. Observe that

1 aM —vy
Plan(y) = 3p(—5—): —oo <y <all.
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In addition, for each y € R, (a,b) = pap)(y) is continuous on A x B. Then,
/ v(y)Qdy | z,a,b) = / vl(z +9) 1wy ()dy
be 0
~00) [ pan@dy+ [ oo gy

o0 —X

— (0) / T e )y + / T oW)pan (g — £)dy.

o0

Thus by Scheffé’s Theorem,

(a,b) — /X v(y)Q(dy | 7,a,b)

defines a continuous function on A x B. Finally, replacing v(-) by the function
Wo(+) and using similar arguments, we obtain that Assumption 2.4 (d) holds.
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